W. V. Vasconcelos and M. Auslander have studied the homological properties of coherent (noetherian) rings. In [3] some theorems for regular local rings were generalized to noetherian semilocal rings. The main aim of this paper is to discuss coherent semilocal rings.
Let R be a commutative ring with identity element, and let J be the Jacobson radical of R. The concepts and the notations that are used in this paper are consistent with those in [14] .
Definition. Let A be an 7<-module. A normal .4-sequence is an ordered sequence ux, u2, ... , un in J such that zz, is not a zero divisor in A and, for j > 1, each ui is not a zero divisor in A/(ux, ... , u¡_x)A. We write codR(A) -n if there exists a normal ^-sequence with n terms but no normal sequence with more than n terms. Theorem 1.1. Let R be a coherent semilocal ring such that J is finitely generated, and let A be a finitely presented R-module. Then (i) Tor-dim7 = /zé/a(T</.7) :
(ii) If ux , u2, ... , un is a normal A-sequence, then pdR(A/u(ux , ... , un)A) = pdR(A) + n.
Proof, (i) Because R/J is a finitely presented 7<-module and R a coherent ring, pdR(R/J) = f\al-dimR(R/J) < Tor-dim7 by [2, Proposition 2] . Assume that pdR(R/J) = n < co. If A is a finitely presented A-module, then TorRn+x(A, R/J) = 0. Hence Tor^x(AM, RM/JM) = 0, where M is any maximal ideal of R . Since R is a semilocal ring, JM = MM . Thus Tor-dim7< = sup{flat-dimÄ(^)|^ is a finitely presented R-module}, hence Tor-dim R = pdR(R/J).
(ii) The statement can be shown in a proof similar to that of [10, Theorem 20, p. 196 ].
The Auslander-Buchsbaum Theorem affirms that if A is a finitely generated module over a regular local ring jR , then pdR(A) + codR(A) = gl.dimÄ . We give a similar result over a coherent local ring as follows. Theorem 1.2. Let R be a coherent local ring such that Tor-dim R < co, and let J be finitely generated. If A is a finitely presented noetherian R-module, then pdR(A) + codR(A) = Tor-dim 7?.
Before proving Theorem 1.2, we first give Lemma. Let R be a coherent local ring such that Tor-dim R < co, and let J be finitely generated. Suppose that A is a finitely presented noetherian R-module. (ii) We may assume B = (x). The homomorphism 7? -+ B, in which r e R is mapped into rx , has kernel J, hence B = R/J -F , and then we have an exact sequence 0 -* F -* A-> A/B -> 0. Assume Tor-dim R = p , then Torp+1 (ii) It is clear that R is a (2,2, 0)-ring if and only if 7? is a noetherian ring. Now, assume R satisfies the ascending chain condition on principal ideals. One wishes to prove that R is a noetherian ring. By [14, Theorem 8] it is enough to show that each prime ideal of R is finitely generated. Let 7 be a prime ideal of R. By [2, Corollary 4], R is UFD. Hence, when 7 is maximal, there exists an element d in 7 such that 7 = (d). When 7 is not maximal, by Theorem 2.1, R isa coherent GCD domain with global dimension 2, again by the proof of [14, (7), p. 21], 7 is a directed union of principal ideals. Assume S = {(a)\a e 7}, and apply Zorn's Lemma to S. There exists a maximal element (b) in 5. For any element a in 7, there exists c in 7 such that b e (c) and a e (c). Hence (b) = (c), which shows that P = (b).
(iii) For the sufficiency, it follows from (i) that R is not a (1,2, 3 )-ring. Observe that 7 is a GCD domain, and then R is integrally closed [4, Theorem 50]. If R is a (2,2, 0)-ring, then R is an integrally closed noetherian domain, and then R is completely integrally closed by [4, Example 12, p . 53], a contradiction. Consequently, R is a (2,2, 3)-ring by Theorem 2.1.
For necessity, assume R is a (2,2, 3)-ring. By (i) there exists a maximal ideal of R which is not principal, so we need only to show that R is not completely integrally closed. If this were not so, then RM is completely integrally closed for each maximal ideal M of R . Observe that gl. dim RM < 2. When gl. dim RM < 1, RM is noetherian. When gl. dim RM -2, if M is a principal ideal, by (i) RM is a (1,2, 3 )-ring which shows RM is a completely integrally closed valuation domain, and then Krull-dimT?^ < 1 [4, Example 12, p. 53]; hence, RM is noetherian; if M is not principal, then RM is also noetherian [13, theorem] . Consequently, for any maximal ideal M of R, RM is noetherian. By Proposition 2.2, i? is noetherian, and we get a contradication; therefore, R is not completely integrally closed.
Note. It is suggested by the referee that if a semilocal ring R has the property that gl. dim Rp < r, for each maximal ideal 7, then gl. dim R < r. The authors express their thanks.
